The set of values {ν i } of the Markoff function in the range ν(θ) > 1/3 is called the Markoff spectrum [7] , which is a denumerable infinite set and ν i ↓ 1/3.
An other definition of the Markoff spectrum uses the integer solutions of the Diophantine equation
A solution (x, y, z) to this equation with 0 < x y z is called a Markoff triple. Order all Markoff triples by z i so that 1 = z 1 2 = z 2 · · · z i · · ·, with each triple (x i , y i , z i ) there is associated a pair of real quadratic conjugates θ i , θ
The connection of ν i with θ i is that
Start with the simplest solution (1, 1, 1) to the equation (1), the operations (x, y, z) → (z, x, y) and (x, y, z) → (x, 3xy − z, y)
will generate all possible solutions to the Diophantine equation (1) (see [5] ). In this way we can generate all Markoff triple recursively. The so-called uniquess conjecture states that a Markoff triple (x, y, z) is determined by z. In this note, we will give an affrimative answer to the conjucture. Theorem 1. A Markoff triple (x, y, z) is determined by z. In [9] , Rudakov proved that the uniqueness conjecture is equivalent to the conjecture of A. N. Tyurin, which says that an exceptional representative sheaf on P 2 is uniquely determined by its rank. So as a corollary, we have Corollary 2. An exceptional representative sheaf on P 2 is uniquely determined by its rank.
First we recall some basic facts about the Markoff spectrum and its relation with geometry. It is known that the Markoff function ν takes the same value on two irrationals θ and φ if and only if the regular continued fraction expensions of θ and φ agree from some point on, that is Proposition 3. For any two real irrationals θ and φ, ν(θ) = ν(φ) if and only if
For the proof of this proposition we refer readers to [1] and [2] . The modular torus T is a once-punctured torus defined as the quotient of hyperbolic plane H 2 by a subgroup Γ of the modular group SL(2, Z) with generators 1 1 1 2 and
The group Γ is a subgroup of index 6 in SL(2, Z) and the fundamental domain is shown in Figure 1 . The modular torus is elliptic and it has four Weierstrass points, preserved by the elliptic involution. One of these is the cusp, the other three w 1 , w 2 , w 3 have the property that every simple closed geodesic passes through two of them, and further if c 1 passes through w 1 , w 2 and c 2 passes through w 2 , w 3 , then c 1 c 2 passes through w 1 , w 3 . For the simple geodesics starting and ending at the cusp, the same property holds, i.e., it will passes through one of w i 's.
The Markoff spectrum is close related to the geometry of modular torus. The first connection between the Markoff spectrum and the geometry of the modular torus is given by the following theorem.
Theorem 4. Let θ be an irrational, then ν(θ) > 1/3 if and only if θ is the end point of geodesicc ∈ H 2 which projects to a simple closed geodesic c on the modular
where L(c) is the length of the simple closed geodesic c.
For the proof of the theorem, we refer readers to [1] , [6] , [10] and the references there. As a corollary, we now can prove the following proposition.
Proposition 5. Let g and h are two matrices in Γ, both represent simple closed geodesics in the modular torus T and tr(g) = tr(h), then there is a matrix k ∈ SL(2, Z) such that h = kgk −1 . Proof. Let θ g , φ g and θ h , φ h be the fixed points of g and h respectively, and both θ g , θ h be sinks (fixed point with eigenvalues of the derivative less than 1). In this case, θ g , θ h , φ g and φ h are irrationals.
Notice that if g ∈ SL(2, R) represents a closed geodesic c ∈ T , then |tr(g)| = 2 cosh(L(c)/2). By Theorem 4 and Proposition 3, we know that ν(θ g ) = ν(θ h ), and
This shows that g
To see this, we can assume that
by a conjugation in SL(2, R) sending θ h to ∞ and φ h to 0. Then a direct calculation shows that g ′ h −1 equals to 1 λµ 0 1 . This parabolic element fixes θ h and it is imposible since the fixed point of any parabolic element in SL(2, Z) is a rational. Now we know that k maps the axis of g to the axis of h, and then h = kgk −1 as required.
Geometrically, this propesition can be stated as any two simple closed geodesics on the modular trous with the same length differ by an isometry, i.e.
Corollary 6. Let c 1 and c 2 are two simple closed geodesics of the same length in the modular torus T , then there is an isometry ϕ of T , such that ϕ(c 1 ) = c 2 .
This corollary has independent interests. Since the isometry group of the modular torus is of order 6 and every simple closed geodesic is preserved by the elliptic involution, Corollary 6 implies that every simple closed curve on the modular torus T has multiplicity 3. If we consider all the closed curves on the modular torus, it is known that the multiplicity is unbounded in the length spectrum (see [8] ). LetÑ = {Imz 3/2} ⊂ H 2 be a horoball, then we have the following criterion for a geodesic on H 2 which projects to a simple closed geodesic on the modular torus T . Theorem 7. A geodesicc on H 2 projects to a simple closed geodesic c on the modular torus T if and only if it is the axis of an element g ∈ Γ and h(c) ∩Ñ = ∅ for all h ∈ Γ. Furthermore,
min{d(h(c),Ñ)|h ∈ Γ} = log coth(L(c)/2).
For the proof of the theorem, we also refer readers to [1] , [6] , [10] . The horoballÑ projects to a horoball neighbourhood N of the cusp on the modular torus T , Theorem 7 implies that the distance of the simple closed geodesic c to the horoball neighbourhood N is log coth(L(c)/2).
Another connection between the Markoff spectrum and the geometry of the modular torus is given by the Fricke trace identity, which says that for every pair of matrices g, h ∈ SL(2, C)
where [g, h] = g −1 h −1 gh is the commutator of g and h.
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Figure 2. A pair of special generators and its associated fundamental domain
A pair of generators (g, h) in the group Γ with fundamental domain as shown in Figure 2 will be called a pair of special generateors and the fundamental domain will be called the associated fundmental domian of (g, h). In this case, the [g, h] is a parabolic element in SL(2, Z) with fixed point ∞ and tr([g, h]) = −2 (since tr([g, h]) = 2 if and only if g, h have a common eigenvector). Thus tr(g), tr(h) and tr(gh) solve the Diophantine equation
Notice that the Diophantine equation (4) 
Notice that tr(gh) + tr(g −1 h) = tr(g)tr(h), so operations (5) induce the operations (2) on the solutions to the Diophantine equation (1) . This tell us that all Markoff triples can be obtained this way. For the details, we refer readers to [3] .
The following proposition is crucial in the proof of Theorem 1. Proposition 8. Let (g, h) be a pair of special generators and tr(g) tr(h), tr(g) tr(gh), then h and the fundamental domain associated to (g, h) are determined by g only.
Proof. Draw the associated fundamental domain as in Figure 3 and label the four sides as l 1 , l Notice that tr(g) tr(h), tr(g) tr(gh), if we expend all horoballs, they will touch A g before they touch A h or A gh ∪ A hg by Theorem 7, this implies that the horoball at ∞ will touches A g at a point p ∈ w 1 w 2 (at the same time, the horoball at gh(∞) also touches another point q on A g ).
To determine the associated fundamental domain, we need to know h(∞), gh(∞) and g(∞). Start with the matrix g, we know g(∞). To figure out h(∞) and gh(∞), we only need to know two points w 1 and w 2 , they are two Weierstrass points on A g whose imaginary parts large than the imaginary parts of all other Weierstrass points on A g . Now we know the associated fundamenetal domain are determined. There is only one Weierstrass point on each side of the fundamental domain, w 3 is on l 3 and w
Then the geodesic passing through w 3 and w ′ 3 is the axis A h of h, the translation length of h is the distance between w 3 and w ′ 3 , and h moves points on A h counter-clockwisely. These conditions determine h unquely.
This completes the proof of the proposition. Remark. At the point p the direction of A g and the direction toward the closest horoball form a positive orientation of H 2 . This property can be used to distinguish p to another point q on A g metioned in the proof. Now we are in the position to prove Theorem 1.
Proof of Theorem 1. Suppose we have two Markoff triples (x 1 , y 1 , z 1 ) and (x 2 , y 2 , z 2 ) such that z 1 = z 2 . These two Markoff triples are represented by two pairs of special generators (g 1 , h 1 ) and (g 2 , h 2 ). Using Type I operation in (5), we can assume that tr(g 1 ) = 3z 1 = 3z 2 = tr(g 2 ).
Since tr(g 1 ) = tr(g 2 ), by Proposition 5 there is an integer matrix k, such that g 2 = kg 1 k −1 . Let p i be the closest point on A i (the axis of g i ) to {Imz = 3/2}. Using the property of p i we metioned in the remark after the proof of Propersition 8, we can find a suitable integer n ∈ Z such that k 1 = kg This shows that (x 2 , y 2 , z 2 ) = (x 1 , y 1 , z 1 ), and we complete the proof of Theorem 1.
